for the case of the nearest integers, or 


for the case of the highest integers,— for all values of 7 from 0 up (where 
the the sign of equality of the double symbol may hold only for k=1). 


Hence, J (i+.5), or + (i+), are the critical values for locating all 


the lower values of dix, Which produce an integer 7 at most, and all the 
higher values of a,x, which produce an integer i+1 or greater. Moreover, 
all the values of a;+1,%, giving the integer i+1 (for i=0, 1, 2, ..., ete.), lie 


between and + (i+1.5) for the nearest integer case, or between 


+(i+1) and + (i+2) for the highest integer case,— with the very rare 


possibility of one of these values equaling the lower limit for k=1. 

What we have to do, therefore, to find the a’s (if any) producing a 
given integer i1+1, is to multiply a sufficient approximation of 1/m succes- 
sively by i+.5 and i+1.5, in the one case, and by 7+1 and i+2, in the other, 
and assign the product i+1 to all the a’s between the obtained products. 
There may be several such a’s, in which case we save the labor of multiply- 
ing each of them by m in the direct process; and there may be no a whose 
value lies between the obtained limits, thus showing that there could be ob- 
tained no integer 7+1 in the direct process of multiplying the a’s by m. In 
the latter case we add the value of 1/m once, twice, etc., times to the higher 
of the limits last obtained, until we get the first of the products, 


(i+1.5+h) or (i+ 2+h), just exceeding some 4j+1+n,1, or (very rare- 


ly) just equal to some aji2+n1. Then all the a’s immediately below 
this product and above the limit previously obtained, 7. ¢€., @i+1+n,1, @i+1+h, 2 
Qiti+h, , Give the integer i+1+h, while a;+2+:,1 gives the integer i+2+h 
in the very rare case of exact equality. In either of the last mentioned two 
possibilities, 7+1+h or i+2+h, is the first integer above 7 that could be ob- 
tained also in the direct process of multiplication. 


EXAMPLES. 


The process is best illustrated by one or two concrete examples: 

Let m=5.135 and let the variable factors in their order of magnitude 
be those given in the following table, which for convenience is broken up 
into six partial columns: 
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4 5 6 


1 2 8 
.290 .506 1.617 2.789 
.158 826 1.017 1.815 3.078 
.189 .687 1.143 2.031 3.383 
.221 403 -710 1.281 2.266 3.705 
. 255 451 -800 1.439 2.519 


Let us further suppose that the computer is seeking the nearest in- 
tegers of the corresponding products and is using a ‘‘Saxonia’’ arithmometer 
for the purpose. The actual products of the whole of his work lying within 
a range less than 100, it is sufficient to take 1/m=.19574, exact to the fifth 
+ 100, which will make a;; correct to 
the nearest third decimal place, as given in the table of values of a’s. Now, 
putting. 19474 on the fixed plate of the ‘‘Saxonia,’’ and multiplying it by .5, 
we obtain .097370, and taking only the needed three decimal places .097, we 
find it less than the smallest a=.131. Therefore, we get no values zero for 
any of the nearest integers sought. Next we move over the slide one sta- 
tion to the right, efface the 5 in the first ‘‘quotient hole,’’ but leave 
the original product on the. slide, and turning the handle once, -we get 
.292110, or .292>.290 and all the five given a’s below it. - Therefore, 
we write 1, the number in the second quotient hole from the right, op- 
posite every one of the six lowest a’s. We throw up the multiplicand once 
more on the slide, and we get .48685, or .487>.451>.403>.365>.326. 
Hence we write 2 opposite these four numbers. Similarly, we get by an- 
other turn of the motive handle, 3 opposite the next higher three numbers, 
and by still another turn 4 opposite the next two and so on until for nine 
turns we obtain the nearest product 1.850>1.815, giving nine for this fac- 
tor. We turn the handle again, and we get 8, colored red,* in the quotient 
hole. This gives the computer warning that the 8 in the second quotient 
hole really corresponds to the tenth turn of the handle additively. 
The nearest number obtained in the product is 2.045, giving 10 opposite the 
given d10,:=2.031. The operator could go on turning the handle and obtain- 
ing red 7, 6, 5, etc., in the reversed order, and consider them equivalent to 
black 11, 12, 18, ete.— for which we have the rule that each of the first red 
figures, f,, turned up additively immediately after the first nine black fig- 
ures, is equivalent to f,+2(9—f-) given in black; thus, 5,—5+2(9—5) =18, 
etc. But it is better, as soon as the operator receives the warning of the 
first red figure, to efface it in its quotient hole, and put down the equivalent 
number in black color; after which he may go on turning the handle addi- 


decimal place, since < 


* In the “Saxonia”’ arithmometer the figures showing how many times a number has been taken subtractive- 


ly are distinguished by the red color from those showing how many times a number is taken additively, which are 
given in black. 
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tively, obtaining black numbers again until we reach 19, followed again, in 
the next turn, by 1 black in the tens and 8 red in the units, which is equiva- 
lent to twenty turns. Here once more the rule would hold that a number 
with red units is equivalent to the same number plus twice the excess of 19 
over it; or in symbols, mm==n»+2(19—m), where 2» is a number in mixed 
color immediately after the first nineteen additive turns, and m is the same 
number in purely black color, e. g., 17m=17;+2(19—17,) =21). 

In our case the computer will find that the nearest product corres- 
ponding to ten turns is 2.045, giving 10 as the nearest integer derived from 
the factor 2.031. The nearest product corresponding to eleven turns 


is 2.240<2.266. Hence, between 2x 10.5=2.045 and 2x 11.5=2.240 there 


is no factor, the two consecutive given factors being 2.031 and 2.266, one 
lower than the lower limit, and the other higher than the higher limit. We 
therefore turn the handle once more, finding the next nearest product 2.434 
> 2.266, giving 12 for this factor. If our table should also contain the fac- 
tors 2.320, 2.390, and exactly 2.434, the integer 12 would correspond also to 
the first two additional factors, but the last factor would give 13 as 
the nearest integer in the direct process, and, as has been proven above, 
must also be assigned 13 as its nearest product in our work. 

On the other hand, if our table of given factors would miss the fac- 
tors 1.617, 1.815, 2.031, 2.266, the factors, namely, corresponding to the in- 
tegers 8, 9, 10, 12, then, after having thrown up on the slide 1.46055, giving 
the integer 7 for the factor 1.4389, we should have to turn the handle contin- 
uously six times more to get the nearest product 2.629, the first to exceed 
the given factor 2.519, which would, theréfore, have 13 for its nearest prod- 
uct. Now, in such a case, while turning the handle and keeping our eye 
open upon the products thrown up until we would notice one greater than 
2.519, the factor next higher than 1.439, we would naturally be likely to over- 
look the last 9 in black color in the ‘‘quotient holes’’ or even perhaps the 
first red figures 8, 7, 6, until we came to red 5. The rule, therefore, that 
5,=5.+2(9—5,) =13 is of advantage for such a case, as it enables us to re- 
lieve our attention for a whi'e from the ‘‘quotient holes,’’ and fix it wholly 
upon comparing the thrown up consecutive products with the column 
of given factors. 

We see from our example that, besides the time spent in obtaining 
1/m to five decimal places and in setting upon the machine the quotient 
.19474 and making the five preliminary turns to insure correctness in 
the third decimal place, we have only to make nineteen turns of the handle 
and, in addition, to replace a red figure by its equivalent black number, in 
order to enable us to write down all the required integers corresponding to 
the given twenty-nine factors, or to a similar series of factors of which the 
last one is less than 3.79743. Whereas in the direct process of multiplication 
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we would need, after setting up 5.135, the constant factor, to multiply it by 
the twenty-nine given co-factors, each containing from three to four figures, 
or an average of 101 figures (by actual count in this example 100 figures), 
each figure requiring, on an average, on =4% turns, which makes in the 
aggregate about 455* turns of the motive handlé, besides the twenty-nine 
effacings of the products, in order to find the same twentynine integers. Of 
course, some time might be gained also in the direct process of multiplica- 
tion, by forming the differences of the factors; but not very much, since 
these differences are not always small, growing up in our example to .322 
(=.705—3.383), besides involving the risk of carrying any error in the mid- 
dle of the process to the very end. We see, therefore, that, discounting 
the time spent in registering the integers, which is in the two processes the 
same, our indirect process, which may be called the index process (as the 
proper first indexes of the different a;,’s are directly thrown up on the slide 
in the ‘‘quotient holes’) would be at least about twenty-four times shorter 
than the direct process, namely, 45,°—24, even neglecting the twenty-nine 
effacings, and about ten or twelve times shorter than by the process of 
differences.+ Moreover, after a little practice with the index method one is 
enabled with great ease to turn the handle with the left hand and do the 
registering of the obtained integers beside the given factors with the right 
hand, in the case where each factor has another integer belonging to it, and 
where some integers may be entirely missing, where, consequently, we have 
to turn the handle at least once and, frequently, even twice, three, or four 
times, before we arrive at the integer belonging to a new factor. The 
kind of work where this occurs is just as frequent in practice as the kind of 
work represented by our example, where one integer belongs to several factors. 
In all, I think, it is safe to assume that the index process would save 
at least seventy-five to ninety-five per cent of the work (excluding the reg- 
istering); and more frequently the higher percentage of the work is saved. 
Besides, practice will show that it is also a very safe and reliable process, 
much less subject to error than either the direct or the difference process. 
In our example we have supposed that we were looking for the near- 
est integers. In case the highest integers are sought, the process will be 
in all respects identical, except that, instead of multiplying originally 1/m 
by .5, effacing the 5 in the first ‘‘quotient hole’’ of the slide, and moving 
the slide over one station to the right, in which the indexes 1, 2, etc., are 
turned up, we have to start with multiplying 1/m by 1, and, effacing it, pro- 
ceed directly to turn up the required indexes in the first ‘‘quotient hole.’’ 


* In the actual example only 373 turns are needed, as the co-factors happen to abound in 0’s, 1’s and 2’s. Other 
similar series of co-factors might happen to abound in 7’s, 8’s, and 9's, increasing the number of turns in the di- 
rect process, without, however, affecting the differences of consecutive results. 

¢ It is hardly necessary to explain why in the fraction ‘*/', we must neglect the preliminary five turns, as 
these would also be sufficient even for a series of one hundred factors instead of twenty-nine, besides neglecting all 
the effacings in the direct process, involving a much greater waste of time. 
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SERIAL DIVISION. 


Looked at from another point of view, the index process just explained 
gives us a short method of obtaining the nearest or highest integers 


_of ie diet, or the nearest or highest integers of the quotients 


obtained in dividing the different a’s by 1/m. It will, therefore, easily be 
seen that this method can be used with great advantage also for performing 
a series of divisions in which the divisor is a constant and the consecutive 
quotients differ from each other by a few units. Then we treat the divisor 
as’ we have treated 1/m in multiplication, putting it on the board of 
the arithmometer to the right, and proceeding to multiply it in exactly the 
same manner as in the case of multiplication, until we get on the slide the 
first number above the lowest dividend, and then the first number above the 
next higher dividend, etc. The corresponding multipliers appearing in the 
quotient holes will be the required quotient integers. Obviously in this case 
the method might more properly be called the ‘“‘checking method of 
division,’’ as the proceeding is virtually the same as would be followed in 
checking the original quotients by multiplying the constant divisor by each 
of them and comparing the results with the corresponding dividends. 

In trying to extend the field of usefulness of this method by applying 
it to divisions with larger differences, it will be found that when these lat- 
ter are too large (exceeding three or four figures), its use as an independent 
initial method would be of doubtful practical utility, as too many precautions 
would be requisite to insure accurate results. Yet for checking work of this 
character done by the direct method, it can be used with great speed 
and expedition, as no special precautions are necessary in this case. and the 
labor of putting up each new dividend on the sliding plate, as well as of ef- 
facing the quotients, would be wholly saved. 


EXTENDED APPLICATION OF THE METHOD. 


There is, however, a large field of actuarial work, comprising 
divisions with but moderately large differences, not exceeding two or three 
figures, where the application of our ‘‘checking method”’ of serial division 
used as an independent, initial method, would prove of decided advantage. 
The actuarial field referred to consists of the kind of computations repre- 
sented by Mr. George King’s conversion and valuation tables appended to 
his paper ‘‘On Policies with Deferred Participation in Profits, and Policies 
with contingent Bonuses,’’ read before the Faculty of Actuaries in Scotland, 
and. printed in the Transactions of the Faculty, Vol. V, Part IX, No. 
58, 1911. The peculiar feature of this work, computed to the third decimal 
place, is the comparatively small differences of the consecutive results, 
which may be obtained as the quotients of a number of separate series of 
divisions, each with the same divisor. Table II, g. v., may serve as an in- 
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stance, giving the factors for converting immediate cash bonuses into 
endowments maturing at the end of the deferred bonus term. The individ- 
ual members of this table are the reciprocals of pure endowments, 
E,=D:+Dz2+1, where x is the age attained and t is the remaining bonus 
term, D,+: being constant for each series of divisions. 

Mr. King recommends the method of reciprocals and differences as 
the best and speediest for the computation of these tables, and this would, 
of course, imply the series with D. constant for each, instead of D,+:. This 
method is undoubtedly ‘the best of all known up to date. A much greater 
saving of labor might, however, be effected through the application of our. 
“checking method of serial division,’’ with one or two simple precautions. 
In the first place the computation of the reciprocals of the divisors, which 
for different tables are different, including such ‘compound expressions as. 
Mz+1:—Mz+D., would be wholly dispensed with, as well as the finding of their 
differences. In the second place, the differences of the consecutive results, . 
which in our method are the consecutive multipliers, would be found to be 
considerably smaller than those of the reciprocals of the divisors; thus, 
while the former mostly range below 100, and rise to a few hundred only at. 
high ages combined with long periods, which is.hardly normal, the lat- 
ter range mostly several hundred, and rise even above several thousand at 
corresponding high ages and periods, if calculated to insure results correct 
to the third decimal place; there would, consequently, result a further con-. 
siderable reduction of labor in the process of arithmometer multiplication. * 


AN ILLUSTRATION OF THE METHOD. 


It will perhaps not be considered superfluous to state in detail the pe- 
culiar features of the procedure in this case, where the differences of the 
results consist of two or three figures: . 

Placing the divisor, in our example D,+:, on the arithmometer 
board to the right and multiplying it by .5 of .001 to insure the correctness 
of the results to three decimal places, we move over the sliding plate four 
stations to the right, since D,+D,+2 will give for normal values of x and t 
an improper fraction less than 10, which, consequently, has, besides 


Dz +1) +Dett= [(D.—. —Daz+:) +Dz] 


significant figures, and, at most, three for high ages and long periods; and 


De+es1  Deit Deserts 

taken correct to the eighth decimal place, is the formula for the differences of consecutive reciprocals, giving three 
significant figures so long as D, ;¢4 consists of five figures and 1+¢, 44 . remains below 1, and four significant , 
figures when Dz +++ 1 is reduced to four figures only in the integral part, while 1—a, ;4 . approaches the value 

of .1, that is, when z+t+1 becomes equal to 70 or thereabout, and around 80 the number of significant figures be- 

comes five. Of course, the O” Table at three per cent of the British Offices Life Tables, 1893, is used by me for 
for illustration, —this being the same used by Mr. King in his computation. 

tis used for the symbol 1|. Eb. F. 
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the three decimal places required, one figure in the integral part, or four 
figures in all. We then multiply the divisor from left to right by a number 
just sufficient to make the product exceed the lowest D;, corresponding to 
the highest age of the table, which will be the lowest quotient of the series 
for the given divisor. To obtain this number we turn up in the first to the 
left quotient hole sufficient units to make the product just exceed 
the given dividend D., and turning then the handle subtractively once, we 
move over the sliding plate one station to the left, and here.again we turn 
up sufficient units, of the next lower order, to make the product just above 
the given dividend, turning then again the handle backwards once, and so 
on, until we obtain the figure in the fourth from the left quotient hole 
which will just make the product exceed our dividend. This will be 
the proper figure of the third decimal place. After this we work only the 
third and second quotient holes counting from right to left, corresponding to 
. the second and third decimal places of the difference between the result pre- 
viously obtained and the result corresponding to the next higher dividend 
D,z-1. These two figures and each of the subsequent sets of two figures are 
obtained in the same manner as the original four figures, by working from 
left to right and correcting each figure of the higher order (of the second 
decimal place) by turning the handle subtractively once so as to obtain a pro- 
duct just lower than the corresponding dividend. The only precautions re- 
quisité to insure correct results are: first, that we work the motive handle only 
additively, except when correcting any of the figures of the higher orders 
by turning subtractively once, so as to pass from a figure giving a product 
just above a given dividend to one giving a product just below it; second, 
that we correct an occasional red-figured number n, by a corresponding 
black-figured number according to the rule, n,=arithmetical complement of 
(n,+2) to the next higher unit+one such unit.* 


A CONCRETE EXAMPLE. 


A concrete example will show that the method in practice works out 
even easier than in theory: 

Starting with D,,+D,., for our Table II, 7. e., with the divisor D+, 
=D,, and t=0, we multiply D,,—20622 by .0005+1, and efface 5 in the ex- 
treme right hand quotient hole, knowing beforehand that the result 
in this case is 1.000. The product obtained is 20632.311, a number just above 
the dividend D,,. We might, if we wished, verify the result hy subtract- 
ing .001 times the divisor, and we would get 20611.689,— a number just be- 
low our dividend, proving that .999 would be .001 below the true result. 


* This rule is a slightly modified and more generalized form of the corresponding rule given above, and its 


proof is easy. Since after the black figure 9 come the red figures 8, 7, etc., in the reverse to the natural order, it is 
evident that xr=9+(9—xr)=10+[10—(x»+2)], where xr is one red figure. Now, assuming, for instance, that our 
red-figured number, Nr, consists of three figures, we have, Nr==100zr+10yr +xr=100[10 +10—(z+2)]+10[10+10— 
(y+2)]+10+10— (x +2)=1000 +1000—1002z +200—200 —10y—20 +20—x—2=- 1000 + 1000—(1002+10y+2+2) = 1000+[1000— 
(Nr+2)]. 
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Moving over the slide three stations from its extreme left. position to 
the right, we find that five additional turns of the handle give.21663.411> 
21489=D,,. We therefore turn the handle subtractively once and obtain 
21457.191<D,,, and moving over the slide one station to the left, we must 
turn the handle twice before obtaining the product 21498.435, just above 
D,;. We have then in our quotient holes the number 1.042, which is the 
required quotient corresponding to D,;+D4.. 

Assuming now provisionally the next difference to be again .042, we 
find, after turning the handle four and two additional times in the proper 
quotient holes, that the product obtained is 223864.559< D,,=22379. We 
therefore turn the handle once more for the third decimal place, and obtain 
22385.181, a number slightly above D,,. The corresponding quotient in the 
quotient holes is then found to be 1.085. Assuming again the next differ- 
ence to be, like the last one, .043 or thereabout, we turn the handle the in- 
dicated number of times for each of the two corresponding quotient holes, 
finding the product corresponding to the difference .044=23292.549< D,;= 
23295. We, therefore, turn the handle once more for the third decimal 
place, and obtain the product 23313.171, slightly above D,;, giving in the 
quotient holes 1.0[68], the number in brackets given in red color. By the 
above rule for converting a red-figured number into a black-figured one, this 
is equivalent to 1.100+arithmetical complement of 70=1.130, which is 
therefore the true quotient corresponding to D,,;+D,,. It should be ob- 
served that we took the difference .042 and .048 as a guide in each of the 
subsequent cases only to shorten slightly the process of multiplication; but 
it was not absolutely necessary; we could have found the correct subsequent 
figures by turning the handle each time for the coroesponding second deci- 
mal place tentatively five times, and by turning the handle once subtractive- 
ly on finding the corresponding product too high, as done above for obtain- 
ing the quotient D,,+D,,, and as explained in the theoretical statement. 
Similarly, to obtain the first quotient of the series under consideration, we 
have availed ourselves of the fact that the dividend was in this case equal 
to the divisor. If this is not the case, a more literal following of the direc- 
tions given in the theoretical statement for the procedure would entail but 
a very little extra labor in finding each of the figures of the higher orders, 
beginning from the left, by a tentative number of additive turns of 
the handle producing a product just above the corresponding dividend, fol- 
lowed by one subtractive turn of the handle to reduce it again to a number 
just below the dividend. This procedure ought now to be perfectly clear 
from the illustration. ; 

It should further be noticed that there is no red zero in the ‘‘Saxonia’’ 
arithmometer, but a black zero may sometimes mean the equivalent of a red 
zero— namely, when the former in a quotient hole is derived from 9 by adding 
9. We should, therefore, be careful to distinguish between a black zero proper 
and one derived in the above manner, which is equivalent to 18 also by the 
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CONCLUSION. 


In conclusion I wish to say that the application of the “‘checking 
method”’ to serial division would also prove of considerable advantage for 
computing temporary and deferred annuities by means of the arithmometer. 
The usual continued method of arithmometer computation of these functions 
is based upon the formulas: | n+:@2= | ANd n+1 | | Ae 
Dy +n+1, respectively,— making D,+n+; the out-factor, which is 
quite large. If, however, we take as the basis of our computation the cor- 
responding formulas: | nde = and » | = then, beginning 
for any given entrance age x with the smallest dividend N.—Nx+1:=D,+; for 
n=1 and proceeding downwards to the largest dividend N.—N.—1, for tem- 
porary annuities, and from N,,—; upwards to the largest dividend N, for de- . 
ferred annuities .(w being the highest age of the mortality table), 
we shall evidently save much labor in the continued multiplication of D, re- 
quired by our method, in -which the out-factors are the differences of 
the required annuities themselves, since these differences begin with three 
significant figures and end with zero for temporary annuities, and converse- 
ly for deferred annuities, whereas the D,’s consist mostly of five significant 
figures. Moreover, as these differences change but gradually, we can also 
save labor by using provisionally for each additional multiplier a number as 
near the preceding multiplier as convenient and then correcting it so as to 
obtain an aggregate product just above the corresponding dividend. 
In practice we may also make use of such device as multiplying by the next’ 
higher unit of a given figure and subtracting the arithmetical complement 
of the figure times the multiplicand, provided that this arithmetical comple- 
ment is smaller than the figure in the same quotient hole previously record- 
ed, so as not to come to any red figure in the quotient by subtraction. For 
instance, after having found | ,a,, at 3% to be.962, while | ,a,,—0, we as- 
sume the next difference also to be approximately .962, and multiply the di- 
visor D,, first by 1. and then by —.1, producing the aggregate multiplier 
(quotient) -1.862, which, however, gives a product less than N,,, and 
we must add to our multiplier .025, bringing up the aggregate multiplier to 
1.887, the true value of. | .a,9, in order to obtain an aggregateproduct just 
above N,,. We thus save the labor of multiplying the divisor originally by 
.9 and then changing the obtained red figure 9 to the black-figured number 
1.8 by the conversion rule given above. 

A still greater amount of labor can be saved if the annuities are com- 
puted only for valuation purposes where there is neither possibility nor need 
for great accuracy. In such a case it is much better to take as our basis for 
the computation the formulas: | and »| 
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ntikzet+nieest... ete.,—a sum of pure endowments in either case. The 
pure endowments, :Hz = D,.:+Dz, are first computed to three decimal places by 
our ‘‘checking method” as explained above, and then these are added suc- 
cessively for the same value of the entrance age x, from Dx+1+Dz to Dein+ 
Dz for temporary annuities, and from Dy-1+D; to Dx +n+1+D, for deferred 
annuities. Of course, in the successive addition of thése endowments, 
themselves correct only to the third decimal place, there will of necessity 
arise a small accumulation of error as we proceed further from the starting 
point, but the maximum aggregate error cannot amount to more than a few 
units in the third decimal place, which for purposes of valuation is rather 
insignificant. The preliminary endowment tables themselves should be comput- 
ed by starting for each entrance age x from the lowest dividend D.. and going 
upwards to the dividend D., by adding continually to the variable multiplier 
(quotient) until we reach the highest quotient 1.000. This procedure would 
prove a great labor-saver even in comparison with our own more accurate 
method of annuity computation previously explained, based upon the form- 
ulas: | n@z=[N:—Nx+n]+Dz and » | dz=Nxin+Dz, since the differences of 
the consecutive pure endowments are considerably smaller than the corres- 
ponding differences of the annuities themselves. This comparison in favor 
of the pure endowment basis of computation is especially true in the case of 
decreasing or increasing temporary and deferred annuities, in which the 


summations = riDx+; replace the N.’s in the numerators of the above form- 


ulas. In such a case, the preliminary computations of the =’s, and of their 
differences for temporary annuities, would be wholly dispensed with, the 
much simpler summations of the pure endowments taking their place at the 
very end of the procedure. 


DEPARTMENTS. 


SOLUTIONS OF PROBLEMS. 


ALGEBRA. 


371. Proposed by ELMER SCHUYLER, Brooklyn, N. Y. 


--InaG. P. of an odd number of terms, all of the terms being positive, 


and the ratio different from 1, show that the middle term i is less than the 
arithmetical mean. 


I. Solution by ELIJAH SWIFT, Princeton University. 


We have a G. P. of an odd number of positive terms, a, ar, ar’, ..., 
ar", 


(2n+1)(r—1) ° 
Assuming r>1 and clearing, we have to prove, a being snaliive, 


To prove ar” < 


(2n+1) <r or 
rin (2n +1)r"—1>0). 


Call the expansion on the left f(r). Then f(1)=0. 
= {re — (n+ 1)r+n}. 
Call the anatase in brackets ¢(r). Then ¢(1)=0. 
(r) =(n+1){r"-1}. 


Then we have, since r>1, n>0, 4’ (r) >0. 


Since $(1)=0 and (r) >0, ¢(r)>0. But f’ (7) =(2n+1)r*-. 4(r). 
Therefore f’ (r) >0, and finally, f(r) >0. 


The case where r<1 may be treated by reversing the inequality signs. 
Also solved by H. Prime, H. C. Feemster, C. E. Githens, A. M. Harding, and the Proposer. 


‘372. Proposed by S. LEFSCHETZ, Ph. D., University of Nebraska. 


Prove that if mod.a<1. (Schlémilch.) 


n=1 


‘ 
| 
| 
. 
: 4 ‘ 


Solution by H. C. FEEMSTER, York College, York, Nebraska. 


n=1 


and (1—z) [1+ det +160! +... (r+) 
+3 4... + [Be? +1208 +...+8(r—2) 22" 


=1+2, so 


* Also solved by H. Prime, J. Scheffer, A. M. Harding, and Elijah Swift. 


373. Proposed by X, National Electric Light Association, Brooklyn, N. Y. 


(a) For underground distribution of direct current electrical energy, 
we have DA"—CB"=H, where the only unknown is n, which represents the 
number of years it will take a large direct current low tension feeder to pay 
by line loss saving for the increased investment over a smaller feeder. 

(b) 8? +aVf W, the iron loss equation which is to be solved 
for 8. When bVf?l*4* represents the eddy current loss in the core of 
a transformer, and a Vf tis the hysteresis loss in the core. a, b, and l are 
constants of the core, V is the voltage, fis the frequency, and is the flux 
density and is the only unknown in the equation. 

Letting bVf?l?=A, and aVf=C, we have A 8?+C = W. 


_ Solution by E. B. ESCOTT, Ann Arbor, Michigan. 
(a) DA"—CB"=H, n unknown. Since A=10"*4 and B=10' 8, the 
equation may be written 


4A— 


Putting 10"=2, the equation becomes Dae 4— Cys 2 = H, 
This equation and the one under 


(b) A#?+CA6=W 


are trinomial equations, which may be ao i in various ways. One of the 
simplest methods to use in practice is by, tion and subtraction yf loga- 


rithms. This is given in C. Runge, Praxisder Gleichungen (Leipzig, 1900), 
pages 140-157. 
Gundelfinger has given tables to three decimals which enable one to 
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solve trinomial equations of all degrees with any coefficients. §S. Gundelfin- 
ger, Tafeln zur Berechnung der reellen Wurzeln stimtlicher trinomischer 
Gleichungen (Leipzig, 1897). 

For references to the literature of trinomial equations, see the article, 
R. Mehmke, Caleuls numériques, in the Encyclopédie des Sciences Mathémat- 
iques, tome I, Volume 4, I 23. 

In § 41, pages 320-325, the following method is given. 

In A +C W, put Then Ak?x?"+ = w, 


Let 1.6n=1, whence 62. 


Let Ak*=Ck"*, whence Ak*4=C, and 


Then equation reduces to x}-25+2=D, 

Make a table of values of «!5+¢ for different values of x with 
as small an interval as desired: Then any given equation may be solved by 
simple interpolation. _ 

For graphic solution (by nomography), see Articles 45, 51, 61; also M. 
d’Ocagne, Traité de Nomographie (Paris, 1899), pages 367, 387. 

_ Another method is given by F. Schlepps, ‘Biber die Auflisung trinom- 
ischer Gleichungen aller Grade (Halle a. S. (1899), 15 pages). [See Jahr- 
buch ti. d. Fortschritté der Math., Vol. 30, page 104.] 


GEOMETRY. 
400. Proposed by FRANCIS RUST, C. E., Pittsburgh, Pennsylvania. 


Given a circle and a point P without; construct, using the straight edge only, the two 
tangents to the circle through P. 


Selution by H. E. TREFETHEN, Colby College, Waterville, Maine; H. C. FEEMSTER, York College, York, Ne- 
braska, and ELMER SCHUYLER, New York City. 

From P draw two secants and complete the inscribed quadrilateral 
thus determined. Let PQ be the external diagonal and R the point of inter- 
section of the internal diagonals. Hence each side of the triangle PQR is 
the polar of the opposite vertex and QR cuts the circle in S and T, the points 
of contact of the required tangents PS and PT. = the construction is 
effected with the ruler only. 

Also solved by M. E. Graber and E. B. Escott. * 


401. Proposed by F. H. SAFFORD, Ph. D., The University of Pennsylvania. 


Find by Euclidean geometry a point whose distances from the vertices of an equilat- 
eral triangle are in the ratio 3:4:5. The general case of ratio a:b:c would prove interesting. 


I. Solution by W. J. GREENSTREET, M. A., Editor The Mathematical Gazette, Burgfield, England. 


Let ABC be any triangle. The locus of a point P such that PA: PB= 
a:y is well known to be a circle. Let the circular loci of the points P given 


- 
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by PA:PB=«:y, PB:PC=y:z cut in P. Then since PC:PA=z:z, it follows 
that Plies on the third of three circular loci given by PA: PB: PC=«:y:z, and 
these are three coaxial circles. 

Each is orthogonal to the circle ABC. Hence the two points of inter- 
section of the three loci are inverse points with respect to the circle ABC. 

Hence two points satisfying the conditions can be found. 

It follows that when P is on the circle ABC the two solutions reduce 
to one. Apply Ptolemy’s theorem and we have 


axt+by=cz, or 


where a’, b’, c’ are proportional to the sides of the triangle ABC. Hence, if 
ABC is equilateral, we have 


or 


i. e., one of the quantities x, y, z is equal to the sum of the other two. 
This gives a solution of the problem. Therefore, construct a triangle 
of given species with its vertices on three concentric circles, radii x, y, z. 


Il. Solution by J. SCHEFFRR, A. M., Hagerstown, Maryland. 


The following construction is valid for any triangle. Divide AB har- 
monically in the ratio a:b. On the two conjugate points construct a circle. 
Divide AC harmonically in the ratio a:c, and construct a circle on the line 
connecting the two conjugate points. The points 
common to the two circles satisfy the condition; for 
it is a well known theorem in geometry, that the 
circle erected on the distance of the two harmonic 
§ points of a straight line is the locus of the point. 
whose distances from the extremities of the line 
are in the ratio in which the line is divided har- 
monically. There are consequently in general two 
points. The limitation is that the two circles either 
intersect or touch each other. Treating the problem algebraically, let AB= 
AC=BC=m, AP=ax, BP=bx, CP=cx. Denoting 2 PAB by 4, we have 


—b?a* 
2amx cos ( 


2 
60°—6) +m*—c*x* | 


cos 
2amx 


2amx m* x? 2ama 


oe 
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Removing the radical and making all necessary reductions we finally get 


—a'c*—b*c*)a*— (a? +b* +c") 
Also solved by M. A. Harding, H. Prime, C. N. Schmall, and H. C. Feemster. 


NOTES AND NEWS. 


About 130 pages of the part.of the French mathematical encyclopedia 
which was issued in June, 1912, are devoted to contemporary researches on 
the theory of functions. The three main subjects treated are the theory of 
concrete sets of points, the theories of integration and of finding derivatives, 
and the development into series. As regards the theory of sets of points, it 
is observed on page 115 that, in a very general way, it might be said that 
the German and English writers devote most attention to the abstract the- 
ory of sets of points, while the French writers lay most stress on the appli- 
cations of this subject in the theory of functions. M. 


Alfred Ackermann-Teubner has given twenty thousand marks— 
about -five thousand dollars —- to the University of Leipzig, to establish a 
mathematical prize. The first award is to be made in 1914, and every two 
years thereafter until the surplus accumulations amount to sixty thousand 
marks. After this time the prize is to be awarded annually. The subjects 
for which the prize after 1914 is to be awarded are, in order, as follows: 
. History, philosophy, and teaching; 
. Mathematics, especially arithmetic and algebra; 
Mechanics; 
Mathematical physics; 
Mathematics, especially analysis; 
Astronomy and theory of errors; 
Mathematics, especially geometry; 
. Applied mathematics, especially geodesy and geophysics. 

The range of the subject matter is to be about that given in the large 
German mathematical encyclopedia, which is now being published by B. G. 
Teubner of Leipzig, Germany. M. 


In the ‘‘Summary Report’’ on the teaching of mathematics in Japan, 
which was recently published, there is given, page 197, a list of third year 
courses in mathematics in the Tokio Imperial University. This is of inter- 
est as it indicates how advanced their higher courses in mathematics really 
Four courses, bearing the following general headings, — General The- 
ory of functions, Theory of differential equations, Theory of numbers and 
algebra, Higher geometry,— are outlined as follows: Riemann’s surface and 
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its connectivity, analysis situs, elliptic integrals, theory of invariants and 
covariants, Hermite’s transformation, Jacobi’s principle of transformation, 
numerical evaluation of the elliptic integral, Abel’s theorem and its appiica- 
tions, transformation of theta-functions, Fuchs’ theory of linear differential 
equations, Gauss’ differential equations, integration of partial differential 
equations, Weierstrass’ method of the calculus of variation, introduction to 
integral equations, theory of groups of finite order, Galois’ theory of equa- 
tions, select chapters from higher arithmetic and algebra, one or two of the 
different kinds of geometries, such as differential geometry, non-euclidean 
geometry, descriptive geometry, etc. These advanced courses throw consid- 
erable light on their elementary work in mathematics. M. 


The July number of the Mathematical Gazette, containing portraits of 
the prominent living Cambridge mathematicians, Darwin, Larmor, Hobson, 
and Love, commences with an article by the well known writer on mathe- 
matical history, W. W. R. Ball. The article is entitled ‘“The Cambridge 
School of Mathematics,’’ and it divides the history of this school into 
six periods, viz., the mediaeval, the renaissance, the Newtonian, the eight- 
eenth century, the nineteenth century, and the present period. It may be 
remembered that W. W. R. Ball wrote a book of 264 pages on ‘‘Mathemat- 
ics at Cambridge’’ in 1889, and hence it may be assumed that he is especial- 
ly well prepared to write an article on this subject. As the closing para- 
graph seems to be of especial interest, we quote it: ‘In this article I have 
not unnaturally avoided mentioning the work of those who fortunately are 
with us today, and for similar reasons I do not propose to say anything about 
the progress of the school in the opening years of the twentieth century. 
The reconstruction in 1909 of the Tripos, and the destruction of many of the 
distinctive features of the former scheme must profoundly modify the future 
history of Mathematics at Cambridge, and perhaps the long continued 
efforts to bring students into closer touch with professors and lecturers may 
be at last crowned with success. The change in the Tripos regulations has 
been accompanied by a curious alteration in the popular subjects, and today 
but few of the young graduates who desired the change are interesting 
themselves in those branches of applied mathematics once so generally stud- 
ied, but rather are turning their attention to subjects like the theories of 
functions and groups. It is too early to say whether this is ‘only a passing 
movement.”’ M. 


The Summer meeting of the American Mathematical Society was held 
at the University of Pennsylvania on September 10-12. An extended pro- 
gram of papers occupied the sessions for two days, and an excursion to the 
historic points of interest added to the general enjoyment of the members 
present. S. 


| 
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The number of American representatives who attended the Interna- 
tional Congress at Cambridge, England, was most gratifying, being greater 
than that of any other country except Great Britain. The number was 
eighty, Germany and France coming next with seventy and fifty-two, re- 
spectively. The University of Illinois and the University of Chicago had 
five representatives each. Ss. 


The International Commission on the Teaching of Mathematics made 
its report at the Fifth International Congress of Mathematicians at Cam- 
bridge, England, in August. Reports were received from eighteen coun- 
tries, and 150 separate reports were submitted. About fifty more are now 
in process of preparation, and others are contemplated by various countries. 
The Central Committee, consisting of Professor Klein (Géttingen), Sir 
George Greenhill (London), and Professor H. Fehr (Geneva), with Profes- 
sor David Eugene Smith (New York) added, was continued in office for an- 
other period of four years. The American reports have been completed and 
may be obtained gratis by application to the Bureau of Education, Washing- 
ton, D. C. It is probable that one or more reports, summarizing the large 
features of the reports of all other countries, will be prepared by the Amer- 
ican Commission during the next four years, and that certain other special 
lines of work will be undertaken. The Central Committee contemplates 
holding three international conferences on teaching, the first in France in 
1914, the second in Germany in 1915, and the third, with the next Congress, 
in Stockholm in 1916. A more extended report will be given in the next 
issue. Ss. 


The Bulletin of the American Mathematical Society announces the 
following promotions and appointments: Professor R. D. Carmichael of the 
University of Indiana, has been promoted to an associate professorship of 
mathematics; Dr. E. W. Sheldon has been promoted to a professorship of 
mathematics in the University of Alberta; Dr. E. T. Bell of Columbia Uni- 
versity, has been appointed instructor in mathematics at the University of 
Washington; Mr. R. B. Stone has been appointed instructor in mathematics 
at Purdue University; Dr. W. M. Smith of Lafayette College, has been 
appointed assistant professor of mathematics in the University of Oregon; 
Dr. R. G. D. Richardson has been promoted to an associate professorship at 
Brown University; and Mr. E. P. R. Duval of Princeton University, 
has been appointed assistant professor of mathematics in the University of 
Kansas. F. 


This issue was mailed five weeks late, party due to the fact that Pro- 
fesser Marshall failed to receive the proof for his article, which was sent to 
him by mail in September. After more than a month, the proof was 
returned unclaimed. 
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THEODORE LOUIS DELAND. 


By ARTEMAS MARTIN, LL. D., Editor and Publisher, Mathematical Magazine, 
008 Washington, D. Cc. 


Theodore L. DeLand was born at Kirtland, Oneida County, New York, 
June 28, 1841; he died suddenly September 1, 1911, of heart failure, at his 
residence, 1415 Newton Street, Washington, D. C. 

Mr. DeLand was educated at Fort Edward Institute. 

He removed from New York to Aurora, Illinois, from which place he 
was appointed to a position in the Treasury Department, and came to Wash- 
ington in 1871. 

In 1894 he was transferred to the Civil Service Commission to attend 
to the work of :the Treasury Department there, but returned to the Depart- 
ment in 1898. 

In 1906 he was made Examiner of Clerks of the Treasury Department 
slated for promotion. | 

Mr. DeLand was one of the best known clerks of the Treasury Depart- 
ment and held many responsible positions during his forty years of faithful 
service. 

Mr. DeLand was a mathematician of marked ability, and for years a 
mathematical expert in the Treasury Department. 

He was a valued contributor to a number of the mathematical period- 
icals of his day, among the most important of which may be mentioned The 
Analyst, DeMoines, Iowa, edited and published by Dr. Joel E. Hendricks; 
the Mathematical Visitor, and the Mathematical Magazine, edited and pub- 
lished by the writer of this article; and THE AMERICAN MATHEMATICAL 
MONTHLY. 

Mr. DeLand was very skillful in handling problems relating to bonds 
and other Government securities, and to finite differences. 

He solved the following problem, which had been proposed by him in 
a previous number, on page 169 of No. 6, Vol. I (1881), of the Mathematical 
Visitor: ‘In 1861 a 6-per-cent 20-year coin bond of the United States, in- 
teresr payable semi-annually, sold on the market for $0.891 on the dollar; 
what, on this basis, would have been the market value of a 4-per-cent 28- 
year coin bond of the United States, interest payable quarterly?’’ 

Mr. DeLand contributed the following papers to the Mathematical 
Magazine: ‘The United States Bond Problem,’’ published in Vol. II, No. 9 
(January, 1895), pages 161-163; ‘“‘The United States Sinking Fund,’’ pub- 
lished in Vol. II, No. 12 (September, 1904), pages 273-274. 

He is survived by a widow, one son, and two daughters. 
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THE FIFTH INTERNATIONAL CONGRESS OF 
MATHEMATICIANS. * 


From a Report by J. W. A. YOUNG, The University of Chicago. 


The Fifth International Congress of Mathematicians was held at Cam- 
bridge, England, August 21 to 27, 1912. Meeting in a University which for 
rare beauty and charm of picturesque mediaeval buildings and exquisite gar- 
dens, can find a rival only in its sister university of Oxford; living 
in the rooms occupied in times past by generation after generation of the 
world’s. greatest savants, dining in halls of storied interest from whose 
crowded walls look down the likenesses of great men of many an age whom 
the world still delights to honor; royally entertained with that cordial hospi- 
tality for which the Englishman is so justly famed, the mathematicians who 
gathered at Cambridge from the four corners of the world lived through a 
unique week of their lives, and carried away with them a souvenir, never 
to be forgotten, of a Congress brilliant alike in historic and lovely surround- 
ings, in elaborate social functions, and in number and value of the mathe- 
matical lectures, reports and papers presented. 

The 670 members present (567 full members and 103 members 
of their families) were registered from twenty-seven countries, as follows: 

Great Britain, 250; United States, 82; Germany, 70; France, 52; Italy, 
38; Russia, 38; Spain, 25; Austria, 19; Hungary, 19; Sweden, 13; Holland, 9; 
Switzerland, 9; Denmark, 5; Greece, 5; Roumania, 5; Belgium, 4; Brazil, 4; 
. Canada, 4; Norway, 4; India, 3; Japan, 3; Portugal, 3; Egypt, 2; Bulgaria, 
1; Chili, 1; Mexico, 1; Servia, 1. 

The sessions of the Congress were of three types: general sessions, 
lectures, and sectional meetings. . 

At the first general session Sir G. Greenhill made the following state- 
in regard to the work of the International Commission on the Teaching of 
Mathematics: 


* This article includes only those portions of Professor Young’s report which refer particularly to the peda- 
gogical aspects of the work of the Congress. A more general report will be found in the Bulletin of the American 


Mathematical Society. Eptirors. 


